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Abstract. This paper introduces a comprehensive open-source framework for develop-
ing correlation kernels, with a particular focus on user-defined and composition of kernels
for surrogate modeling. By advancing kernel-based modeling techniques, we incorporate
frequency-aware elements that e!ectively capture complex mechanical behaviors and time-
frequency dynamics intrinsic to aircraft systems. Traditional kernel functions, often lim-
ited to exponential-based methods, are extended to include a wider range of kernels such as
exponential squared sine and rational quadratic kernels, along with their respective first-
and second-order derivatives. The proposed methodologies are first validated on a sinus
cardinal test case and then applied to forecasting Mauna-Loa Carbon Dioxide (CO2) con-
centrations and airline passenger tra”c. All these advancements are integrated into the
open-source Surrogate Modeling Toolbox (SMT 2.0), providing a versatile platform for both
standard and customizable kernel configurations. Furthermore, the framework enables the
combination of various kernels to leverage their unique strengths into composite models
tailored to specific problems. The resulting framework o!ers a flexible toolset for engi-
neers and researchers, paving the way for numerous future applications in metamodeling
for complex, frequency-sensitive domains.

Keywords: Frequency correlation kernels, Gaussian process, Aircraft data prediction,
Surrogate Modeling Toolbox, Open-Source Software

AeroBest !”!# $ III ECCOMAS Thematic Conference on Multidisciplinary Design Optimization of Aerospace Systems

!”#



N. Gonel, P. Saves, J. Morlier

1 INTRODUCTION

Over the past few decades, the aeronautical industry has witnessed significant advance-
ments driven primarily by incremental improvements in aircraft design optimization [1].
The design process for aeronautic systems is inherently complex and multidisciplinary,
requiring a careful balance between various domains such as aerodynamics, structural
integrity, geometry, performance, weight management, and dynamic stability [2]. This
integrated process, referred to as Multidisciplinary Design Analysis (MDA), lays the
foundation for the iterative improvements carried out in Multidisciplinary Design Op-
timization (MDO) [3, 4]. In our approach to MDO, we adopt the multidisciplinary design
feasible strategy, which ensures that the equilibrium between disciplines is re-evaluated
and maintained, through a fixed point algorithm, at every modification of the design vari-
ables during optimization. However, this approach significantly increases computational
demands, posing a major challenge.

To address these challenges, research has increasingly turned to surrogate modeling
techniques, which o!er an e”cient alternative to high-fidelity simulations [5–7].Sofware
such as the Surrogate Modeling Toolbox (SMT) have been developed to reduce computa-
tional costs by leveraging Gaussian Process (GP) interpolation and Bayesian Optimization
(BO) methods [8, 9]. However, traditional kernel functions used in GP models—primarily
based on exponential formulations—often struggle to capture the complex cyclic and high-
dimensional phenomena encountered in advanced aerospace applications [10].

This paper introduces a comprehensive open-source framework for the development of
advanced correlation kernels, specifically designed for surrogate modeling in frequency-
sensitive environments. Our framework extends conventional methods by incorporating
frequency-aware elements into the kernel design. In doing so, we broaden the list of avail-
able kernels to include not only standard forms but also alternatives such as exponential
squared sine and rational quadratic kernels, along with their first and second-order deriva-
tives. These enhancements enable the e”cient optimization of surrogate models that ad-
dress intricate mechanical behaviors and time-frequency dynamics, which are crucial for
analyzing vibrational and aerodynamic characteristics of aircraft structures.

The proposed methodologies are validated through a series of test cases, beginning
with a sinus cardinal example and extending to real-world applications such as forecasting
Mauna-Loa CO2 concentrations and airline passenger tra”c. All these advancements are
encapsulated within SMT 2.0, o!ering a versatile platform that supports both standard
and user-defined kernel configurations. By allowing the combination of multiple kernel
types, our approach enables the construction of composite models that leverage the unique
strengths of each kernel to address specific modeling challenges.

This extended framework not only enhances predictive capabilities in the preliminary
design phase of aerospace engineering but also paves the way for future applications in
diverse fields where complex, frequency-sensitive phenomena are of interest. The remain-
der of the paper is organized as follows: Section 2 reviews the background of surrogate
modeling and kernel methods in aerospace applications; Section 3 details the theoretical
underpinnings and implementation of our advanced kernel framework; Section 4 presents
validation results on benchmark cases and real-world applications; and Section 5 concludes
with a discussion of future directions and potential extensions.
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2 GAUSSIAN PROCESSES

A Gaussian Process (GP) is a stochastic process, i.e. a collection of random variables,
where any finite collection of those variables has a joint Gaussian distribution. Hereinafter,
we detail the mathematical aspects of GP interpolation, also known as Kriging [11]. First,
the GP distribution is completely determined by its mean and covariance functions [12].
Formally, let f denote the (scalar) target function we wish to estimate:

f : D → Rd ↑ R
x ↓↑ f(x)

(1)

where x is a vector of input variables from the input set D called the design space. In the
function-space view, we assume that f(x) is a realization of a GP Y with mean function
m and covariance function k:

Y ↔ GP(m, k) (2)

Indeed, the GP defines a probability distribution (called the prior) over possible functions
that fit the set of observations. The main advantage of the GP modeling is that any finite
set of n input points X = {x1,x2, ...,xn} ↗ D, the corresponding observations follow a
multivariate Gaussian distribution:





f(x1)
f(x2)

...
f(xn)





︸ ︷︷ ︸
outputs vector f

↔ N









m(x1)
m(x2)

...
m(xn)





︸ ︷︷ ︸
mean vector m

,





k(x1,x1) k(x1,x2) · · · k(x1,xn)
k(x1,x2)T k(x2,x2) · · · k(x2,xn)

...
...

. . .
...

k(x1,xn)T k(x2,xn)T · · · k(xn,xn)





︸ ︷︷ ︸
covariance matrix K




. (3)

We can also write it more compact using the shorthands f = f(X), m = m(X) and
K = k(X,X):

p(f(x1), ..., f(xN)) = p(f | X) = N (m,K). (4)

We highlight the fact that the covariance matrix K (also called Gram matrix ) is a Positive
Semi-Definite (PSD) and symmetric n ↘ n matrix [13] whose components are given by
the covariance function k: Ki,j = k(xi,xj). An example of a valid (stationary) covariance
function is the anisotropic1 Squared Exponential (SE) kernel2:

Kωi(xi,xj) = ω2
n

i=1

exp

≃εi (xi ≃ xj)

2 . (5)

where ω2 is the process variance parameter and ω = {ε1, ..., εn} is the vector of inverse
length-scale parameters. We call these quantities the hyperparameters of the GP that are
needed to be estimated in order to best fit the model to our target function.

To make predictions f→ for a new set of n→ inputs X→ (independent of X), we first write
the joint distribution of f and f→ which also follows a multivariate Gaussian distribution:


f
f→


↔ N


m
m→


,


K K→
K↑

→ K→→


. (6)

1In the isotropic version, ω is scalar so the length-scale is the same for each dimension.
2This kernel is also denoted as the Radial Basis Function (RBF) kernel
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where K→ = k(X,X→) denotes the n↘n→ matrix of covariance between all pairs of training
and test points, and similarly K→→ = k(X→,X→) is the covariance matrix of the test set.

In practice, the true function value value f(x) is often not directly observable. Instead,
we observe a noisy output y(x) = f(x) + ϑ. We assume that this additive noise is an
independent and identically distributed (i.i.d.) Gaussian noise [14] and we denote its
variance ϖ2. Using the previous shorthands and letting y denotes the vector of noisy
observations at inputs X, the joint distribution (6) then becomes:


y
f→


↔ N


m
m→


,


K+ ϖ2I K→
K↑

→ K→→


. (7)

Thus, we compute the posterior distribution over functions by conditioning the joint prior
(7) with the observed data. Using the properties of a multivariate normal distribution,
we obtain the predicted distribution:

f→ | y,X,X→ ↔ N

m→ +K↑

→

K+ ϖ2I

↓1
(y ≃m),K→→ ≃K↑ 

K+ ϖ2I
↓1

K→


. (8)

For the ease of notations, we will then only consider centered GPs, i.e. zero mean func-
tions: m = m→ = 0, but equations can be generalized for more general cases with
constant (simple Kriging), linear (ordinary Kriging) or polynomial (universal Kriging)
priors, adding hyperparameters to the model [12].
Using the usual formalism of GP, we can rewrite the conditional distribution f→ | y as:

Zn ↭ Ỹ


Ỹ (xi) = y(xi) , 1 ⇐ i ⇐ n


↔ GP(µn, cn). (9)

where the posterior mean and covariance functions are defined as follows:

µn(x) ↭ k(x,X)

K↓1 + ϖ2I


y. (10)

cn(x,x
↔) ↭ k(x↔,x↔)≃ k(x↔,X)


K+ ϖ2I

↓1
k(X,x↔). (11)

An alternative way of formulating the above functions, implemented in Surrogate Mod-
eling Toolbox (SMT) [8, 15], is to introduce the correlation function R and to consider a
unique GP variance ω2 that is an homoscedastic process:

Cov (Y (x), Y (x↔)) = k(x,x↔) = ω2R(x,x↔). (12)

With this new notation, the equations (10) and (11) can be rewritten as follows [16]:

µn(x) = r↑n (x)R
↓1
n y. (13)

cn(x,x
↔) = ω2


r(x,x↔)≃ r↑n (x)R

↓1
n rn(x

↔)

. (14)

where y = [y(xi), ..., y(xn)]
↑ is the observations vector, rn(x) = k(X,x) = (k(xi,x))1↗i↗n

is the cross-covariance vector and Rn = K + ϖ2I = (k(xi,xj))1↗i,j↗n is the covariance
matrix Note that if we consider noise-free observations (i.e. ϖ2 = 0), we simply have
Rn = K. The conditional process defined by Eq.(12) is then used as a surrogate model
to approximate our target function f .

To conclude this short presentation of the GP regression model, we address the op-
timization of the hyperparameters mentioned above. Indeed, it is necessary to tune the
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model parameters ω2,ω and ϖ2 on the training set X before making predictions at new
inputs X→. Here, everything being Gaussian and our prior being an uniform distribu-
tion between given bounds, we only optimize the marginal likelihood p(y) to obtain our
optimal hyperparameters [17]. This likelihood is given by:

p(y) = N (0,K+ ϖ2I) =
1

(2ϱ)N/2det(K+ ϖ2I)1/2
exp


≃1

2
y↑ 

K+ ϖ2I

y


. (15)

The optimal set of hyperparameters is then obtained by maximizing the log marginal
likelihood:

log p(y) = ≃1

2
log


det


K+ ϖ2I


≃ 1

2
y↑ 

K+ ϖ2I
↓1

y ≃ N

2
log(2ϱ). (16)

We recall that the marginal likelihood p(y) is the integral of the likelihood p(y|f ,X) times
the prior p(f |X). Thus, given the prior f |X ↔ N (0,K) and the likelihood y|f ↔ N (f , ϖ2I),
the computation leads to (15). We saw that to define the GP, we need to define its kernel
first. This kernel will give the structure of the GP. We already showed the squared
exponential kernel but other kernels exists in SMT such as the absolute exponential, the
Matern kernel or the power exponential kernel.

3 A NOVEL USER-DEFINED KERNEL LIBRARY FOR GAUSSIAN PRO-
CESS

The SMT 2.0 interface is more user-friendly and o!ers improved and detailed documen-
tation for both users and developers. Hosted publicly, SMT 2.0 can be directly imported
within Python scripts, is released under the New BSD license, and runs on Linux, ma-
cOS, and Windows operating systems. Furthermore, regression tests are automatically
executed on each supported platform whenever changes are committed to the repository,
ensuring robustness and compatibility. To enhance the modeling capabilities of Gaussian
Processes (GP), we have expanded SMT by implementing two new kernels:

• Rational Quadratic Kernel: This kernel is particularly e!ective for modeling
functions that exhibit irregularities. It can be interpreted as a scale mixture of
squared exponential kernels, thereby allowing for varying length scales. Its formula
is given by:

Kωl,ωk(x, x↔) =


1 +

(x≃ x↔)2

εl

↓ωk

(17)

where εl controls the length scale and εk adjusts the weighting across scales.

• Periodic Kernel: Useful for modeling periodic data, this kernel captures cyclic
patterns inherent in many physical and time-series processes. Its formula is defined
as:

Kωl,ωk(x, x↔) = exp


≃sin2((xl ≃ x↔

l)εl)

εk


(18)

where εl controls the periodicity and εk determines the smoothness of the periodic
oscillations.
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In order to further expand the range of functions that can be modeled with GP, it is
essential to leverage the property of kernel composition. This property states that the sum
and product of PSD kernels are also valid kernels. Adding kernels models the superposi-
tion of independent functions, while multiplying them accounts for interactions between
di!erent phenomena [18]. However, SMT previously did not o!er a native mechanism
for combining kernels, so we introduce a novel architecture that supports flexible kernel
composition.

The optimal structure for managing a wide variety of kernel functions is a class-based
architecture. To address the need for flexibility and ease of use, we have defined a new
class structure within SMT that can accommodate any kernel form. The architecture,
illustrated in Fig. 1, is composed of three main elements:

1. Base Kernel Class: An abstract class that provides a template for all kernel
implementations. Any new kernel can inherit from this class to ensure consistency
and compatibility.

2. Standard Kernel Implementations: Existing kernels in SMT have been refac-
tored into class-based structures. This includes not only the traditional kernels (such
as the squared exponential or Matern kernels) but also the newly added rational
quadratic and periodic kernels.

3. Kernel Composition Utilities: To simplify the process of creating complex ker-
nels, we provide built-in tools that allow users to combine kernels using basic Python
operators (e.g., addition and multiplication) as the product and sum of SDP kernels
still results in a kernel [19]. These utilities enable the e!ortless formation of compos-
ite kernels, which can model both the independent superposition and interactions
between di!erent data features.
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Kernel

__init__
__add__
__radd__
__mul__
__rmul__
...

PowExp(Kernel)

theta

__call__

SquarSinExp
(Kernel)

theta1
theta2

__call__

Matern52(Kernel)

theta

__call__

Matern32(Kernel)

theta

__call__

Operator(Kernel)

corr1
corr2

__init__

Sum(Operator)

corr1
corr2

__init__
__call__

Product(Operator)

corr1
corr2

__call__

Constant(Kernel)

theta

__call__

RatQuad(Kernel)

theta1
theta2

__call__

Figure 1: Class diagram for kernels in SMT. In black, the main class, in blue the basic
kernels already implemented, and in red the operator.

The new architecture empowers users to construct expressive, hybrid kernels tailored
to specific applications. For example, in modeling the oscillatory behavior of an aircraft
wing subject to aerodynamic forces, one might combine a periodic kernel to capture cyclic
oscillations with a squared exponential kernel to model broader trends. By integrating
these advancements, SMT 2.0 significantly extends the flexibility and power of Gaussian
Process modeling. This novel kernel library not only supports standard kernel configu-
rations but also facilitates the development of custom, composite models tailored to the
unique challenges of complex, frequency-sensitive applications as shown in the following
section.

4 RESULTS

To test our framework, we evaluated its ability to model a range of functions and
datasets, and assess its capacity to uncover underlying structures and extrapolate beyond
the given data. Below, we provide results from di!erent case studies, each with its own
characteristics and challenges.
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Cardinal Sine function We begin by testing our framework with the well-known car-
dinal sine (sinc) function. This function, although not strictly periodic, exhibits a periodic
component with a varying amplitude. The sinc function is a good candidate for testing,
as it has a periodicity that is modified by amplitude fluctuations, which we aim to capture
with our kernel model. We employed a kernel formed by the multiplication of a squared
exponential (SE) kernel and a periodic kernel:

K(x, x↔) = Kω1
SE(x, x

↔) ·Kω2,ω3
Periodic(x, x

↔) (19)

This kernel combination allows us to model both the periodic nature of the function and
the amplitude variations. As shown in Fig. 2, the model perfectly captures the periodic
structure and the largest amplitude, providing a good representation of the sinc function
over the given input domain.

Figure 2: Posterior GP with kernel of Eq.(19) on the sinc function

Mauna-Loa CO2 observations Next, we apply our framework to the Mauna-Loa
CO2 dataset [20], which contains historical data on the concentration of atmospheric CO2

since 1958. The Mauna-Loa dataset is often used to test models for environmental data,
as it contains a combination of long-term trends, seasonal oscillations, and noise. The
primary goal of this case study is to test our model’s ability to capture these components,
particularly the periodic oscillations and the irregularities introduced by noise.

To model this dataset, we employed a kernel that combines multiple kernel functions
to address the di!erent behaviors in the data. Specifically, we use a periodic kernel to
model the oscillations, a squared exponential kernel to model the small variations around
the periodicity, another squared exponential kernel to account for the linear growth trend,
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and a rational quadratic kernel to handle irregularities:

K(x, x↔) = Kω1
SE(x, x

↔) ·Kω2,ω3
Periodic(x, x

↔)

+Kω4
SE(x, x

↔) +Kω5,ω6
rational quadratic(x, x

↔)
(20)

The results in Fig. 3 show that the model e!ectively captures the periodicity and growth,
with the interpolation fitting the observed data closely. Additionally, the extrapolation
provides reasonable forecasts, with the identified components appearing to repeat in the
future, as expected from the underlying structure of the data.

Figure 3: CO2 forecasting with GP kernel of Eq.(20).

Airlines Annual Passengers Tra!c Another case we examine is a dataset containing
monthly international airline passenger counts from January 1949 to December 1960 [21].
This dataset is commonly used for testing forecasting models due to its long-term trend,
seasonal fluctuations, and sudden changes in direction. Similar to the Mauna-Loa dataset,
this data exhibits three primary components: a long-term trend, periodic oscillations, and
sharp shifts in direction, such as a sudden increase in the number of passengers during
specific periods.

To model this dataset, we apply the same kernel we used for the Mauna-Loa data,
given its similar structure:

K(x, x↔) = Kω1
SE(x, x

↔) ·Kω2,ω3
Periodic(x, x

↔)

+Kω4
SE(x, x

↔) +Kω5,ω6
rational quadratic(x, x

↔)
(21)

The results shown in Fig. 4 indicate that the kernel successfully captures the underlying
structure of the data. The interpolation is smooth and accurate, and the extrapolated
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part is plausible, although the variance is higher, possibly reflecting the uncertainty in
predicting sudden changes in the future. This suggests that while the model captures the
general trends, future data points may have a high degree of uncertainty.

Figure 4: GP approximation with a kernel given by Eq.(21) on passengers database

5 CONCLUSION

In this paper we presented a functional framework to create and combine new kernels
for GP in the python library SMT. This expands the scope of functions that can be
modeled with this method and also provides a way to use Kriging for prediction and
extrapolation with the use of the periodic kernel, which is usually not possible. However,
there are still some gray areas. For complex data, finding the right kernel can be a
complex endeavor and we can note that all the tests done here are in 1 dimension only, as
the complexity increases a lot for complex kernel with the dimension. Indeed the number
of hyperparameters in the kernel is multiplied by the dimension making the duration of
modelisation quickly prohibitive.

The development of this user-defined kernel library opens several avenues for future
work. First this work was limited to sum and product of kernels and can be extended
to any PSD matrix manipulation such as ANalysis Of VAriance (ANOVA) [19]. Also,
it was limited to spatial classical kernels whereas some more complex ones are better
tailored for timeseries forecasting such as the Mercer or spectral kernels [22, 23]. Fu-
ture updates may include automated techniques for selecting the most appropriate kernel
configuration based on data characteristics, utilizing methods such as Bayesian model
selection or evolutionary algorithms. Enhancing kernel hyperparameter tuning through
gradient-based methods and automatic di!erentiation will further improve computational
e”ciency, especially for large-scale problems. The new framework can be directly applied
to complex aeroelastic analyses of high aspect ratio wings, such as HALE (High Altitude,
Long Endurance) solar aircraft subjected to gust perturbations.
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